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Abstract

We study the quantization problem of relativistic scalar and spinning particles
interacting with a radiation electromagnetic field by using the path integral and
the external source method. The spin degrees of freedom are described in terms
of Grassmann variables and the Feynman kernel is obtained through functional
integration on both Bose and Fermi variables. We provide rigorous proof that
the Feynman amplitudes are only determined by the classical contribution and
we explicitly evaluate the propagators.

PACS numbers: 03.65.Db, 03.65.Sq

1. Introduction

Many years ago we studied the quantum-mechanical interaction of a relativistic material point
(scalar particle) with an external radiation field using the Feynman path integral method [1].
The eigenfunctions of this problem had been known for a long time [2], and a beautiful method
of evaluating the Green functions had been introduced by Fock and Schwinger through the
solutions of the Heisenberg quantum equations of motion in the proper time representation
[3, 4]. A direct calculation in terms of path integral had remained unexplored probably due
to mathematical difficulties. However, looking at the problem in a semiclassical way, in [1]
we found a canonical transformation which made it possible to evaluate in a closed form the
Feynman kernel for a scalar particle interacting with an external electromagnetic wave field
and to obtain an exact expression for the propagator of the theory.

Later on a lot of interest was devoted to theories involving anticommuting (Grassmann)
variables. This was mainly raised by supersymmetries [5], but very soon the relevance
of anticommuting variables in many other fields was realized [6-9]. In particular, it was
shown that Grassmann variables are suitable tools for giving a classical description of
spin [6-8] and internal degrees of freedom of elementary particles [10]. These dynamical
theories described by Lagrangians involving ordinary c-numbers and anticommuting numbers
(Grassmann variables) were called pseudoclassical theories and the general approach has

0305-4470/03/298129+12$30.00  © 2003 IOP Publishing Ltd Printed in the UK 8129


http://stacks.iop.org/ja/36/8129

8130 A Barducci and R Giachetti

been defined as pseudomechanics, due to the special nature of the variables occurring in the
problem.

Having obtained a pseudoclassical description of many interesting physical systems it was
very natural to investigate the quantization of such systems by path integrals, performed on both
the ordinary and the Grassmann variables (for the general theory of integration on Grassmann
algebras see [11]). This programme had already been developed in some cases; for instance
it was shown that the Wilson loop could be reconstructed as a path integral on Grassmann
variables describing the colour degrees of freedom [10, 12]. Other physical systems, such
as non-relativistic spinning particles interacting with constant electric and magnetic field
and relativistic spinning particles in external crossed static electromagnetic wave field were
studied. In each case, the result was obtained in a quick and straightforward way, by solving
the classical equations of motion both for position and Grassmann variables. Just a bit of
caution had to be taken for systems involving an odd number of Grassmann variables, like for
the non-relativistic and for the massive relativistic spinning particle: it was shown in [13, 14]
how to extend the path integral techniques in such circumstances, by separating from the total
phase space a coupled one-dimensional system and studying the general solution for the latter.
For a different approach to the path integral quantization for a non-relativistic and relativistic
spinning particle by using BRST-invariant path integral, see [15].

A further powerful instrument that can be brought to bear to the present context is the
well-known external source approach (in our context real and Grassmann sources). Indeed,
the aim of this paper is to provide a rigorous determination of the Feynman propagator for
a charged relativistic particle, both scalar and spinning, interacting with an arbitrary external
electromagnetic wave field by using path integral and external source formalism.

One can ask about the intrinsic interest of this approach apart from the pedagogical one.
We would suggest that it is at least twofold. In the first place the development of new techniques
to solve old problems usually increases their comprehension. Secondly, new techniques can
produce new approximation methods to apply to new problems. In this particular case we
would like to emphasize the use of these methods in statistical mechanics, where an impressive
number of old problems were solved in a very fast way by using path integrals over Grassmann
variables [16].

This paper is organized as follows. In section 2 we present the results for the relativistic
material point in this new framework: they are certainly simpler, due to the simpler underlying
physical model (scalar particle). Next, in section 3, we switch to the spinning particle and
prove that this approach works well in this case too and evaluate the physical Feynman kernel.
In section 4 we express the physical kernel on a spinor basis, obtaining a more transparent
expression for the Feynman propagator.

2. The path integral for the scalar particle

The Lagrangian describing the dynamics of a relativistic scalar particle interacting with an
external electromagnetic field is given by

Lix, %) = —mV% — e(x - A). (1)
This Lagrangian is singular, giving rise to the constraint
x=1p—ed)’ —m’] 2

and to a vanishing canonical Hamiltonian. According to Dirac [17] we define an extended
Hamiltonian

He(x, p,ar) = ail(p — eA)* — m?] A3)
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and require the usual form of canonical Poisson brackets
o p'y=—n" "= — = o). )
The Lagrange multiplier o¢; for the constraint y must be chosen to be negative in order to have
a definite positive kinetic part. The extended Lagrangian corresponding to H g is
Le(x, %, 01) = %*/(day) — e(x - A) +aym®. Q)

We assume that the electromagnetic potential A* describes the field of an external plane
wave and therefore is of the form

A =€ f(¢) (©6)

where ¢ = (k- x), k" = iz(l, 0,0, 1) is the propagation vector and e{‘ a transverse real

polarization vector. We find it useful to introduce a second transverse vector €, and the
conjugate light-like vector k" = % (1, 0,0, —1): they satisfy the orthonormality relations

KF=FB=0ke)=Fk e)=(k €)=k ) =0 (7)
k-k)=—€=—el=1. ®)

We shall derive the amplitude for the propagation of the particle interacting with the
external field, using the path integral technique as developed by Feynman [18]. If x; = x(7;)
is the initial point, and x ; = x(7y) is the final one (r; < 75), we get
(xr,Tr)

Kfi = K(Xf, Tfsxis Ti) = C/

(xi,7i)

Dlx(t)]exp <i/t/dt Lp(x, x, al)) )

where the constant ¢ is determined by the condition

lim K (xp, T, i, 1) = 8*(xp — x;) (10)

Tp—>T;
and the physical propagator is obtained by the integral

0
K= [ daoky, (an

where At = 77 — 7;. The calculation is done by introducing the shift x*(t) = x&'(7) + y*(7)
where x% (1) is the classical path which satisfies the equation of motion

£4(1) = —2a1e F" (xc(1))£"(T) (12)

and by integrating over the deviation y*(t) from the classical path x/(t) with the boundary
conditions y*(zy) = y*(t;) = 0. In equation (12), F}}* is the electromagnetic tensor of the
potential A*. A series expansion in terms of y* then gives

) ©.7yp) T, 1 X f)
K= e‘S"/ ' Dly(t)]exp {1/ fdr [—lyz —e(€ - X) Z 1@ k-y)
( Ti n=2

0.1 do n!
o0
F7(@)
_ .3 k- y)! 13
e(e ”; —— k) (13)
where S, = f;’ dtLE(xc, ¢, a0p) is the classical action corresponding to the extended

Lagrangian Lg. By introducing the functional differential operators

12k, 6
Palk J) = -3 E (T (SJW(I)) (14
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the propagator takes the form

Ky =e" exp {i/”dr [—6(61 X)) [P Pk, T)

i n=2
—e(e )if(")(d))P(k Hal KL/ (15)
o — a1 84y, (1) =0
where
) { v [P
K[J]= / Dly(t)]exp 1/ dr + Ju(r)y“(r) (16)
0,7) T 4oy

is the path integral for a free system in the presence of an external source J* (7). The latter is
easily calculated and reads

a7

K[J] = —i(dmen(ty — 7)) exp {M} :

T — T
Here A(J) = f;f dr ftt do(ty — 1)J,(r)J*(0)(0 — 1) is the contribution of the source
to the classical solution. By using the Green function of the classical free system,
G(r,0) =[(ty —1)(0 —1)¥(r —0) + (ty —0)(Tr — ;)P (0 — 7)], a simple computation
shows that
0 maoyae (2ia1/At)eZiD“A(”/AT/ doG(r.o) ) (18)
8‘]11; (7:) Ti I
and
1) )

8Jy,(t) 8J,,(7)

eZiOé]A(J)/AI — (21051/A‘L') eQiDqA(J)/A'L’gVinG(T’ T) + (41(11/AT) eZiOé]A(J)/AT

T T
« / do / 402G (. 01) (061G (. 32) Iy (0). (19)
7 7

Similar equations hold for the terms containing higher order derivatives.

We therefore see that both €, P,(k, J)%%# exp{2ie1A(J)/At}|j=0 and
P,(k, J)exp{2ic) A(J)/At}| =0, as well as the action of all possible mixed products of P,
corresponding to different values of the proper time over exp {2ix; A(J)/At}, are vanishing
at J#* = 0 due to relations (7). In other words

exp {i/rfdr |:—€(61 - X) Z £ (@) Pk, J):| } exp {i/”dt |:—e Z ™ (¢)
% n=2 Ti n=1

dl §

x Py (k, J)EwUETM—(T)“K[J]IJ=0=K[J]|J=0 (20)

and we finally get

Ky = —i(dma(ty — 1)) 2 e (1)
so that the propagator is expressed in terms of the classical action only. To evaluate the action
S, we have therefore to solve the classical equations of motion (12) or by projecting on the
basis k#, k", €', €} the equations

(k-%)=0 (2-%)=0

(€1 - %) = —2aie(k - ) f'(¢) (k- %) = —4aje(er - 1) f'(9)
where f'(¢) is the derivative with respect to the argument. Letting ¢; = k-x; and ¢y = k- x,

(22)
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their solution, although somewhat lengthy, is straightforward and reads as follows:
(k- Ax)
(k-x)(t) = (k- x;)+
At

(t—1u)

(€1 - A)C) 2a1e 201eAt
(€1-x)(7) = (€1 - x;) + / dof(P)|(t — @) — / dof(¢)

At (k Ax) (k- Ax)
(€2 - Ax)

(€ x)(7) = (&%) + ——— (T — )

3 i (k-Ax) Adaje(e; - Ax) [ 8a2e? AT :
()= xp)+ + RZCE —(/ ¢f(¢>)

AT (k- Ax)? (k- Ax)3
dale’ At At(e; - Ax)
Tk Ax )2/ dof (¢)} (t—1)— |:4a1€7(k-Ax)2

x / 467 @) + 8a2er 2D ( / ¢fd¢f(¢)> / " as)
) (k- Ax)3 & y

g2 Zk( = )2/ ¢f2(¢)}

where we have defined Ax* = (x// — x/*).
The explicit form of the classical action turns out to be

B AT AXx ? doPm? a1’ At d A2 1€2AT doA 2
= o | (o) #4edm® |~ Gy | 0n@r+ —(kA)z(/ ¢ (¢>)>

(23)

eAx* bs
(k- Ax)

and the final integration of (21) over o A, as in equation (11), gives the physical propagator
in agreement with previous results [1, 4].

dp A, () (24)

3. The path integral for the spinning particle

We now calculate the propagator for a spinning particle in an external plane wave. The
pseudoclassical description of a spin-1/2 particle interacting with an arbitrary external
electromagnetic field has been already described in [7] and the Lagrangian is

Lo 6 s, bs) = —%(éué“ 1 &sks)

] 2
_ Jm? —ieF,ngev (xﬂ - %gugg> i A", (25)

Analogous results, with minor differences, were found in [8], while the general theory of
quantization Fermi—Bose systems is explained in [6].
The Lagrangian (25) is singular and produces the two first class constraints

x = (p—eA)? —m*+ieF, "&" (26)
Xp = (p — eA)§ —imms — (m/2)&s 27)
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and the second class constraints

Xp =TTy — (i/Z)SM. (28)
The extended Hamiltonian, compatible with (26), (27) is

He = ai[(p — eA)? —m? +ieF, £ 6" +iaa ((p — eA)E) + may <7T5 — %55) : (29)

The further second class constraints

xs =75 + (1/2)&s (30)

will be imposed directly on the states, thereby restricting the Hilbert space of the system. The
relevant Dirac brackets are

", &% =in"" {5, &} = —1. (€19

According to the common practice for the path integration in quantum mechanics of
an even number of Grassmann variables [14, 19], we substitute the £ variables with their
holomorphic combinations

m=5E+6)  m=-56E"-8) (32)
m= ¢ +iE) = g5E i) (33)
(observe the useful identity z," = —(fla2q + aZe))- For the path integration on the (&s, 7s)

variables we follow the procedure given in [13, 14]. The propagator takes the form

drmsy . (@pxp)Ts Tsf T
Ky = / S5S it ms / DD [ DEs. )
(

1 Ni,Xi),Ti &siuTi

i 1 . _
X exp |:§(775f§5(ff) *705(11)851) + 5 (s 1 (T4) + ﬁa(fi)nm)] SR

1 . i
X exp !1/ [5(7'[555 +&575) — man (7[5 - %55)]] (34)

where
Tf 1 . 1 2 5 laz .
SE:/ dr _(ﬁaﬁa_r_’ana)"'_x +am +_(x'g)_e(x’A)_lealFuvé}-MSv
7 2 40[1 20[1
(335)

is the extended action. The shift from the classical or pseudoclassical path

M=xl 4yt e = Nae + Y fla = Tlac + Va (36)

§s=6&sc+ Y 5 = Ts5c + X (37)

implies that the boundary conditions
Y () =y (rp) =0 Vo (7)) = Yolty) =0 V(n) = x(ty) =0 (38)

have to be imposed when integrating over the shifted variables.
We next observe that the propagator factorizes as

K = KsK.K, (39)

where the meaning of the three factors will be explained here below.
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First of all it is rather evident that Ks refers to the contribution of the path integral over
& and 7s. The explicit calculation has been developed in [14] and we quote the final result

Ks = (557 — &5i) — mon At e 5/, (40)
The factor K. accounts for the classical contribution including the necessary surface terms, as
explained in [19],

Ke(ni g xixp) = exp {5 (Taf tac (T5) + flac (0 ai) +18E (e, e, X0} (41)
and the classical variables satisfy the equations of motion

. a
it = —2eq) FM i) — ionEl — 2iea? (—Fp) £VEP (42)
xy,
. [0%)
Bl = — il — Deo I8! (43)
20(1

The third factor K, represents the contribution of the quantum fluctuations and it is a
straightforward generalization of that obtained in the scalar case. We can assume, without
losing in generality, that the plane-wave field is of the form

Al(x) = =271t +e*“)f(¢) =6 f(@) (44)
with e = I(O —1,1,0) and €** = [(0 —1, 0). The corresponding electromagnetic
tensor is therefore

Ff ) = " f'(¢) " =k"el — kel (45)
and we finally write

0.7 - T i ; 1 .02 .
K= [ Dt @ ly@lexp i [ ar (| <5000+ 5 i @
0,7 7 2 40(1 20[1

> 1 > 1
- [e(x-el)zﬁf(”)«b)(k'y)”w(y-el)zﬁf(")(qb)(kw)"

n=2 " n=1

<1
+iea £ € fun Z U@ )" +ieanr Y fi

n= 0

XZ f<"+‘>(¢><k )"+ e £y wa f(’“”(qb)(k " D}

(46)
Recalling definition (14) of the functional differential operators and introducing Bose and
Fermi external sources, J* and A" respectively, we have

o li[Pge e 8 d (1 (. )i D) Pk, )
q = €Xp 1\/; IEWE Ym —e(X - € f ¢ n (K,

n=2

8
—ee™ Zf(n)(¢)_ <_51W)) P,(k, J) —iea; f,,E"&"

8
SAu Oy

X Y fD (@) Pk, T) — iear fry—
n=1

(S o0
—2iear fus—8" ) [V (@) Patk, J)] ] K[J1G M| 7=0,=0)- (47)
H n=1
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Here K[J]is given in (16), (17), while

0,7 T :
G[)"] /D(Wm 1vﬂot) eXp {/ / dr [_%WM&M - lkﬂwu}}

0,7
= exp {——/ du/ S[ha @)D (1, $)Ay (s)]} (48)
where
D(u,s) =20(ty —u)0(u—s)0(s — ;) (49)

is the Green function of the free pseudoclassical system.
By taking into account the results obtained in equation (20) for the scalar case, the further
relations

Fuv(8/82,)(8/8h) = —(8/8X1)((8/822) + (8/822)) (50)
—(8/8X1)((8/822) + (8/822)) exp{—Raha}l(n=izo) = O (51

and
5 ) K[J]G[A =0 52
53 o1, 5 fpaa)L 570 | KYIGIMlu==0 = (52)

we finally have for K, the same result as in the scalar case, namely
K, = —i(d4ma;At) 2 (53)

In conclusion, the propagator we are looking for is again fully determined once we
compute the classical contribution K.. We find it convenient to write the latter separating in
the exponent the normalization factor of coherent states, the even Bose and even Fermi parts
and the odd Fermi part, exp{ijosn«i}, EB, Er and Op respectively, i.e.

K. =explijafei +1Ep + Er + f2OF} (B2 = wAT). 54

EpEr and Op are obtained by solving the classical equations of motion. Explicitly, with
,31 = AT,

Ax)?2 2 or 2 2
Ey=L gt — P [V aga2)+ i(f d¢A(¢)>

41 (k'A )Jg (k- Ax)?
eAxt
Tk Ax A ¢ n(@) (55)
2ep)
F= "0 Ax )mf(mf +mi)(f(@r) — (i) (56)

1 _
OfF = 2_'81[7_)1f(k “AX) +72p (€ - Ax) — (k- Ax) +mai (e - Ax)]

e B by
m(’?zf +12i) A dof(®)

eAxt 2By by )
m/ WAL+ s A)Z/ dpA*(@)

—e(fay +m2) f (i) +
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2 2 o5 2 2 2
<P ( /¢ d¢A(¢)) _ 2P e+ Fe)

C (k- Ax)3\J,, (k - Ax)?
" 2P k
X/,- ¢f(¢)+(k~Ax)f( cxp) fk - x;)
e(e* - Ax) . e(e - Ax) ' _ 57
—Wf( 'xf)—mf( < Xi) | Ny (57)

We now collect all the contributions Ks, K,, K. and integrate over the Lagrange
multipliers associated with the first class constraints. We get an integrated kernel

0 — jelastai 1
K = d dBy——— &iEB oEr oB20r — &) —m eiésféﬁ
= [ an [ (&7 — &) — mpr e2ov5)

0 —ielastai

= / dpy / By e F (1 + Ep) (1 + 20p) (Esy — Esi) — mPre™2575). (58)
oo (47 B1)

This is not yet the true physical kernel. As already said, the second class constraint (30)

imposes a restriction on the Hilbert space of the states. We will now produce the projection

operator that does the job. Introducing, as in [14], the symbol # to indicate a change of sign
for all the odd variables inside the state vector, we have

Kpys = / (V5 s onys 7 1 01) Kinaths ()" 6500y ) it () dpa ) ds  dis

1 1
= / 274,271 ( ij) (W rlyolng) Kind =i i) 274 (1, —&sp) (2_1 /2)

x du(my) du(n;) dés; dés; (59

where |1) represents an arbitrary four-component spinor.

4. The Kkernel in spinor basis

The propagator contains the complete information on the quantum system and in particular
the wave equation itself can be deduced from it. This is what we are going to do in this last
section and to this purpose we begin by rewriting the different terms composing the physical
kernel as matrix elements between states of the quantum space:

Km:/() i ! (sl (Or + ErOp + o Br + 2 | 1) (60)
e L g2 V2

V2

The appearance of y5 in equation (60) is due to the fact that in the basis chosen for the coherent
states |n) we have the relation ys|n) = —|—n) [14]. It can be verified by a direct calculation
that the explicit form of the operators reproducing the kernel (59) are the ones given here
below,

5. _ (Ax-E)  eAxt ¢fd Y 2024, ¢fd A 2 T
F=—s —(k.Ax)Z/@ Bk DA + s (/¢ ¢ M(as)) &)
Bk -€)

1 by )
(k- Ax) ((k'Ax)/@ do(A7(p) + (A(dy) - A(@)) + (A(®) - A(¢1)))
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_(A(¢f)'A(¢i))) / dp(A(g) - &) — e(A() - §)

(k - Ax)
ele”- A el k- E 61
“\ o an f<¢f> A )f(¢, k- %) 61)
E/FTJF=—(k Al E)(e-E)(e - E)((e —€") - Ax)
+(k - E)((e+€") - BYE-EVK- AX)I(f(ds) — f(d) (62)
and
Er = 2¢hi k-E)[A A 63
r= A E)([A$y) — Agn)] - ). (63)

We must now choose a representation for the algebra of the operators " Two possible
choices are given by the following relations:

=iyt N2 B = syt V2 (64)

By substituting (64) into equations (61)—(63), the operator which represents the physical kernel
becomes

? . T °°d i ] (Ax)? 5 e*s ‘/’fd 22
phys(fvl)—ﬁ/() SWCXP 1 — s —ms"'m/. DA~ (¢)

e2s doA 2 eAx* A
NS (/ ¢ (¢)> m ¢ w(®)

|: y - Ax
X |m+ +s
2s

(k A )(k Y)((A(py) — A(di) - v)

+ ﬁ((k “Y)A@f) - Y)(Ax - y) — (Ax - y) (k- y)(A(i) - ¥))

e2s

Tk Ax )(k Y)(A(Dy) - v)(Aldi) - 7/)+(k Ax )/ d¢(A(®) - v)

2

¢ e’s )
N (k - Ax)? (k - )’)Ax"/@ dpA,(¢) + m(/{ : V)/@ dpA“(¢)

2e%s ' ¢ oA 2 e’s '
- (k- + —(k -
Ak (/(p 0 ﬂ<¢>) k)
bs
X / dp((A(gy) - ¥)(A@) - ¥) + (A(9) - Y)(A(e) - V))] (65)
bi
where I' turns out to be a factor i for the first representation in equations (64) and I' = y5
for the second one. For a different approach to this problem going in the same direction and

leading to the same results see [20]. Note that if we choose the first and simpler representation
we have to perform a Pauli-Gursey transformation on the physical spinors

|¥) — exp {1 J/s} V) (66)
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to obtain equation (65). In this case it is then easy to verify that

) _
iy — ey  Au(xp) +m | Ap(es, xilA) = iV 2Kpnys

dx'ls
where we have defined
Ap(xy, x;]A) = /oods;i exp{i (Axy” —m%s + e’s /¢fd¢A2(¢)
0 (4ms)? 4s k-Ax Jy
e’s ¢r 2 eAxt 9
Tk A2 </¢ d¢Au(¢)> T A A dgA,(9)

es ¢’/d o o
—m/@ ¢ F,, (d)

and Ap(xy, x;|A) satisfies the squared Dirac equation

00 e eaem? s o m | ArGey1A) = 54 — )
dxt dx, dxh 2 po | SFAE VA= e

(67)

(68)

(69)

We therefore conclude that the physical kernel is indeed the propagator for a spinor particle

in the external electromagnetic field, since it satisfies the Dirac equation

. el ~
11/"8)(—“ — ey AL (x) —m | V2K pnys(x, y) = =84 (x — y).
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